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In this paper, we present two nonconforming finite elements for the pure displacement
planar elasticity problem. Both of themare locking-free and have two order of convergence.
Some numerical results attest the validity of our theoretical analysis.
© 2009 Elsevier B.V. All rights reserved.
1. Introduction
We consider the following pure displacement problem{−µ1Eu− (µ+ λ)grEad(div Eu) = Ef , inΩ,
Eu = E0, on ∂Ω, (1.1)
where µ and λ are the Lamé constants, (µ, λ) ∈ [µ1, µ2] × (0,∞), Ef ∈ (L2(Ω))2 = EL2(Ω),Ω ⊂ R2 is a convex polygon.
grEad, div , rot are gradient, divergence and rotation operators respectively. Let Eu = (u1, u2)T ,
grEadw =
(
∂w
∂x1
,
∂w
∂x2
)T
, div Eu = ∂u1
∂x2
+ ∂u2
∂x2
, rot Eu = ∂u2
∂x1
− ∂u1
∂x2
. (1.2)
Assume that EH1(Ω) is the usual vector-valued Sobolev space and set
EH10 (Ω) =
{
Eu ∈ EH1(Ω); Ev = 0, on ∂Ω
}
.
Then the weak form of (1.1) is: find Eu ∈ EH10 (Ω) = (H10 (Ω))2 such that
a(Eu, Ev) = (Ef , Ev), ∀Ev ∈ EH10 (Ω), (1.3)
where
a(Eu, Ev) =
∫
Ω
{
µ grEad Eu : grEad Ev + (µ+ λ)(div Eu)(div Ev)} dx,
(Ef , Ev) =
∫
Ω
Ef · Evdx, grEad Eu : grEad Ev =
2∑
i,j=1
∂ui
∂xj
∂vi
∂xj
.
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It is well known that the performance of the usual finite element methods may deteriorate as λ approaches∞. This is
known as the phenomenon of locking, which results from the fact that the convergence of finite element solutions depends
on the ellipticity of the linear elasticity operator and the approximation properties in the finite element space as well. As
the Lamé constant λ → ∞, the continuity constant in standard elliptic estimates also tends to∞, which is a source of
deteriorate convergence. Interested readers are referred to the papers of Arnold [1], Babus˘ka and Suri [2,3], and the book of
Braess [4], etc. for detailed analysis.
Several numerical approaches have been developed to deal with the locking phenomena. One direction is, for instance,
to use a mixed formulation (see [5–7]). Another direction is resorted to the reduced integration or some modification of
the variational formulation. Many works are involved in them directly or indirectly, the reader are referred to [8–10] for
detailed analysis. An alternative way to avoid locking is to use higher-order element, as [11,12] have done, and such usage
leads to the p-version and hp-version methods.
In recent years, nonconforming finite element methods seem to be much more attractive, since some of them can avoid
locking phenomena in some incompressible flows (see [13–17]). By using nonconforming elements, we can retain the
standard variation formulation, which has less unknowns and a symmetric positive definite discrete linear system. A direct
approach without resorting to a mixed formulation was given by Brenner and Sung [13,18]. They approximated the pure
displacement problem by using nonconforming linear triangular elements [23]. The use of P1-nonconforming triangular
element can provide an easy construction of an interpolation operator preserving zero-divergence at each element. More
recently, Wang and Qi [17] propose a nonconforming P2 rectangular element following the ideas of Brenner and Sung [6].
Both of the elements have convergence rate O(h), together with the interpolation operators preserving zero-divergence at
each element.
In this paper, follows the approach of Brenner and Sung, we present a nonconforming triangular element and a noncon-
forming rectangular element, both of them have convergence rate O(h2), also with the nice property that the associated
interpolation operators preserving zero-divergence at each element. Our result will show that their convergence is uniform
with respect to the Lamé parameter λ, i.e., the performance of the scheme does not deteriorate as the material becomes
nearly incompressible. Some numerical results are given to show the validity of our theoretical analysis.
2. The triangular element T14
We first express our element in a reference element, then define it on the physical element by a proper transformation.
To this end, let the reference element Kˆ be a triangle with vertices aˆ1(0, 0), aˆ2(1, 0), aˆ3(0, 1) on (xˆ1, xˆ2) plane. The
corresponding area coordinates are λ1 = 1− xˆ1 − xˆ2, λ2 = xˆ1, λ3 = xˆ2. eˆi denotes the opposite side of aˆi, 1 ≤ i ≤ 3.
The shape function space is defined by
EˆP = {Eˆv ∈ P3; div Eˆv ∈ P1, rot Eˆv ∈ P1}, (2.1)
where Pm denotes the set of all polynomials in two variables of degree≤ m.
The associated degrees of freedom are taken as:
1
|eˆi|
∫
eˆi
Eˆv · Eˆqidsˆ, Eˆqi ∈ (P1(eˆi))2, 1 ≤ i ≤ 3, 1|Kˆ |
∫
Kˆ
Eˆvdxˆ. (2.2)
Remark 2.1. In fact, the degrees of freedom (2.2) is equivalent to:
1
|eˆi|
∫
eˆi
vˆjdsˆ,
1
|eˆi|
∫
eˆi
vˆjλi+1dsˆ,
1
|Kˆ |
∫
Kˆ
vˆjdxˆ, 1 ≤ j ≤ 2, 1 ≤ i ≤ 3. (2.3)
Lemma 2.1. An element Eˆv ∈ EˆP is completely determined by its values of (2.2).
Proof. It is easy to see that both of the dimension of EˆP and the number of degrees of freedom (2.2) are 14, hence it is only
needed to prove Eˆv = 0 if all degrees of freedom of Eˆv are zero. By Green’s formula, div Eˆv ∈ P1, and degrees of freedom of Eˆv
are zero, we get∫
Kˆ
(div Eˆv)2dxˆ =
∫
∂Kˆ
Eˆv · Eˆn div Eˆvdsˆ−
∫
Kˆ
Eˆv · grad(div Eˆv)dxˆ = 0, H⇒ div Eˆv = 0.
Here Eˆn denotes the unit outer normal vector on ∂Kˆ .
Similarly,∫
Kˆ
(rot Eˆv)2dxˆ =
∫
∂Kˆ
Eˆv · Eˆτ rot Eˆvdsˆ−
∫
Kˆ
Eˆv · cEurl(rot Eˆv)dxˆ = 0, H⇒ rot Eˆv = 0.
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Then
1vˆ1 = ∂ div
Eˆv
∂ xˆ1
− ∂ rot
Eˆv
∂ xˆ2
= 0, 1vˆ2 = ∂ div
Eˆv
∂ xˆ2
+ ∂ rot
Eˆv
∂ xˆ1
= 0.
The above results together with that the degrees of freedom (2.2) being zero yield Eˆv = 0. In fact, suppose
vˆ1 = α1λ1 + α2λ2 + α3λ3 + α4λ1λ2 + α5λ2λ3 + α6λ3λ1
+α7(λ21λ2 − λ1λ22)+ α8(λ22λ3 − λ2λ23)+ α9(λ23λ1 − λ3λ21)+ α10λ1λ2λ3.
Then from 1|eˆi|
∫
eˆi
vˆ1dsˆ = 0, 1|eˆi|
∫
eˆi
vˆ1λˆi+1dsˆ = 0, 1 ≤ i ≤ 3, 1|Kˆ |
∫
Kˆ vˆ1dxˆ = 0;1vˆ1 = 0,we get
AEα = 0,
where Eα = (α1, . . . , α10)T and
A =

0 1/2 1/2 0 1/6 0 0 0 0 0
1/2 0 1/2 0 0 1/6 0 0 0 0
1/2 1/2 0 1/6 0 0 0 0 0 0
0 1/3 1/6 0 1/12 0 0 1/60 0 0
1/6 0 1/3 0 0 1/12 0 0 1/60 0
1/3 1/6 0 1/12 0 0 1/60 0 0 0
1/3 1/3 1/3 1/12 1/12 1/12 0 0 0 1/60
0 0 0 1 0 1 3 0 −3 0
0 0 0 0 0 0 7 −1 −3 −1
0 0 0 0 0 0 3 1 −7 −1

.
Simple calculations yield det A 6= 0, hence Eα = 0,⇒ vˆ1 = 0. In the same way we get vˆ2 = 0. This completes the proof. 
The corresponding interpolation operator Iˆ is defined as: for all Eˆv ∈ (H1(Kˆ))2, Iˆ Eˆv ∈ EˆP , such that
1
|eˆi|
∫
eˆi
(Iˆ Eˆv − Eˆv) · Eˆqidsˆ = 0, ∀ Eˆqi ∈ P1(eˆi),
1
|Kˆ |
∫
Kˆ
(Iˆ Eˆv − Eˆv)dxˆ = 0.
Let K be a general triangle on (x1, x2) plane and mapping K → Kˆ be
x = FK (xˆ) = BK xˆ+ bK ,
where x = (x1, x2)T , xˆ = (xˆ1, xˆ2)T , bK ∈ R2, BK is a 2× 2 matrix.
For scalar functions we will use the usual transformationw(x) = wˆ ◦ F−1K (xˆ), while for vector functions we will use the
Pilot transformation
Ev(x) = BK Eˆv ◦ F−1K (x). (2.4)
The interpolation operator IK : H1(K)→ EP(K) , BK EˆP is defined by
IK Ev(x) = BK Iˆ Eˆv ◦ F−1K (x). (2.5)
Obviously, ∀Eqi ∈ (P1(ei))2, Eˆqi (2.5)= B−1K Eq ◦ FK (xˆ) ∈ (P1(eˆi))2
1
|ei|
∫
ei
IK Ev · Eqids= 1|eˆi|
∫
eˆi
BK Iˆ EˆvBK Eˆqidsˆ (2.2)= 1|eˆi|
∫
eˆi
BK EˆvBK Eˆqdsˆ
= 1|ei|
∫
ei
Ev · Eqds, 1 ≤ i ≤ 3,
1
|K |
∫
K
IK Evdx = 1|Kˆ |
∫
Kˆ
BK Eˆvdxˆ = 1|K |
∫
K
Evdx.
(2.6)
Hence the element is affine equivalent. Let Jh be a triangulation of Ω , Ω = ⋃K∈Jh K , and satisfy the regular condition
and quasi-uniform assumption, i.e., there is a constant C such that
hK/ρK ≤ C, ∀K ∈ Jh; max
K
hK ≤ ChT , ∀T ∈ Jh, (2.7)
where hK = diam(K), ρK = diam(SK ), SK is the biggest ball contained in K .
S. Chen et al. / Journal of Computational and Applied Mathematics 233 (2010) 2534–2548 2537
The finite element space is defined by
EXh =
{
Ev ∈ EH1(Ω); ∀K ∈ Jh, Ev|K (x) = BK Eˆv ◦ F−1K (x), Eˆv ∈ EˆP is uniquely determined by its degrees of freedom (2.2)
}
.
By (2.7) we can draw a conclusion that ∀Ev ∈ EXh,
∫
e1
Ev · Eqids, Eqi ∈ (P1(ei))2, 1 ≤ i ≤ 3 are continuous across
ei,∀ei ⊂ ∂K ,∀K ∈ Jh.
Finally, we define the corresponding finite element space as
EVh =
{
Ev ∈ EXh;
∫
e
Ev · Eqds = 0, Eq ∈ (P1(e))2, e ∈ ∂Ω
}
. (2.8)
3. The rectangular element R20
Let the reference element Kˆ be a square on (xˆ1, xˆ2) plane with vertices and sides aˆ1(−1,−1), aˆ2(1,−1), aˆ3(1, 1),
aˆ4(−1, 1) and eˆ1 = aˆ1aˆ2, eˆ2 = aˆ2aˆ3, eˆ3 = aˆ3aˆ4, eˆ4 = aˆ4aˆ1, respectively.
The shape function space is defined by
EˆP =
{Eˆv ∈ Q (1) × Q (2), div Eˆv ∈ Q1} , (3.1)
where Q (1) = Q2 ⊕ {xˆ31, xˆ32, xˆ31xˆ2}, Q (2) = Q2 ⊕ {xˆ31, xˆ32, xˆ1xˆ32}, Qm denotes the space of all polynomials which are of degree≤ mwith respect to each one of the variables xˆ1, xˆ2.
The degrees of freedom are taken as
1
|eˆi|
∫
eˆi
Eˆv · Eˆqidsˆ, Eˆqi ∈ (P1(eˆi))2, 1 ≤ i ≤ 4,
1
|Kˆ |
∫
Kˆ
Eˆv · Eˆqdxˆ, Eˆq ∈ EˆS , span
{(
1
0
)
,
(
0
1
)
,
(
xˆ2
0
)
,
(
0
xˆ1
)}
.
(3.2)
Remark 3.1. The above degrees of freedom is equivalent to:
1
|eˆi|
∫
eˆi
Eˆvdsˆ, 1 ≤ i ≤ 4,
1
|eˆi|
∫
eˆi
Eˆvxˆ1dsˆ, i = 1, 3, 1|eˆi|
∫
eˆi
Eˆvxˆ2dsˆ, i = 2, 4,
1
|Kˆ |
∫
Kˆ
Eˆvdxˆ, 1|Kˆ |
∫
Kˆ
vˆ1xˆ2dxˆ,
1
|Kˆ |
∫
Kˆ
vˆ2xˆ1dxˆ.
(3.3)
Lemma 3.1. An element Eˆv ∈ EˆP is completely determined by its values of (3.2).
Proof. Suppose Eˆv = (vˆ1, vˆ2) ∈ Q (1) × Q (2),
vˆ1 =
4∑
i=1
αixˆi−11 +
4∑
i=1
αi+4xˆi−11 xˆ2 +
3∑
i=1
αi+8xˆi−11 xˆ
2
2 + α12xˆ32,
vˆ2 =
4∑
i=1
βixˆi−12 +
4∑
i=1
βi+4xˆi−12 xˆ1 +
3∑
i=1
βi+8xˆi−12 xˆ
2
1 + β12xˆ31.
From div Eˆv ∈ Q1, we get
3α4 + β10 = 0, α10 + 3β4 = 0, 3α8 + 2β11 = 0, 2α11 + 3β8 = 0. (3.4)
Substituting the above expressions of vˆ1 and vˆ2 into the degrees of freedom (3.3) and combining with (3.4) yield
AX = d,
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where X = (α1, . . . , α12, β1, . . . , β12)T , d = (d1, . . . , d20, 0, 0, 0, 0)T ,
di = 1|eˆi|
∫
eˆi
vˆ1dsˆ, di+4 = 1|eˆi|
∫
eˆi
vˆ1sˆdsˆ, 1 ≤ i ≤ 4,
d9 = 1|Kˆ |
∫
Kˆ
vˆ1dxˆ, d10 = 1|Kˆ |
∫
Kˆ
vˆ1xˆ2dxˆ,
di+10 = 1|eˆi|
∫
eˆi
vˆ2dsˆ, di+14 = 1|eˆi|
∫
eˆi
vˆ2sˆdsˆ, 1 ≤ i ≤ 4,
d19 = 1|Kˆ |
∫
Kˆ
vˆ2dxˆ, d20 = 1|Kˆ |
∫
Kˆ
vˆ2xˆ1dxˆ,
A =
(A1 0
0 A2
B1 B2
)
,
where A1, A2 are 10× 12 matrices and B1, B2 are 4× 12 matrices,
A1 =

1 0
1
3
0 −1 0 −1
3
0 1 0
1
3
−1
1 1 1 1 0 0 0 0
1
3
1
3
1
3
0
1 0
1
3
0 1 0
1
3
0 1 0
1
3
1
1 −1 1 −1 0 0 0 0 1
3
−1
3
1
3
0
0
1
3
0
1
5
0 −1
3
0 −1
5
0
1
3
0 0
0 0 0 0
1
3
1
3
1
3
1
3
0 0 0
1
5
0
1
3
0
1
5
0
1
3
0
1
5
0
1
3
0 0
0 0 0 0
1
3
−1
3
1
3
−1
3
0 0 0
1
5
1 0
1
3
0 0 0 0 0
1
3
0
1
9
0
0 0 0 0
1
3
0
1
9
0 0 0 0
1
5

,
A2 =

1 −1 1 −1 0 0 0 0 1
3
−1
3
1
3
0
1 0
1
3
0 1 0
1
3
0 1 0
1
3
1
1 1 1 1 0 0 0 0
1
3
1
3
1
3
0
1 0
1
3
0 −1 0 −1
3
0 1 0
1
3
−1
0 0 0 0
1
3
−1
3
1
3
−1
3
0 0 0
1
5
0
1
3
0
1
5
0
1
3
0
1
5
0
1
3
0 0
0 0 0 0
1
3
1
3
1
3
1
3
0 0 0
1
5
0
1
3
0
1
5
0 −1
3
0 −1
5
0
1
3
0 0
1 0
1
3
0 0 0 0 0
1
3
0
1
9
0
0 0 0 0
1
3
0
1
9
0 0 0 0
1
5

,
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B1 =
0 0 0 3 0 0 0 0 0 0 0 00 0 0 0 0 0 0 0 0 1 0 00 0 0 0 0 0 0 3 0 0 0 0
0 0 0 0 0 0 0 0 0 0 2 0
 , B2 =
0 0 0 0 0 0 0 0 0 1 0 00 0 0 3 0 0 0 0 0 0 0 00 0 0 0 0 0 0 0 0 0 2 0
0 0 0 0 0 0 0 3 0 0 0 0
 .
ObviouslyA2 andB2 are the rearranging of the lines ofA1 andB1, respectively. By simple calculations it is easy to get det A 6= 0,
which completes the proof of Lemma 3.1. 
Let K be a general rectangle on (x1, x2) plane with vertices a1(xK1 − hK1 , xK2 − hK2), a2(xK1 + hK1 , xK2 − hK2), a3(xK1 +
hK1 , xK2 + hK2), a4(xK1 − hK1 , xK2 + hK2).
The mapping x = FK (xˆ) : K → Kˆ is
x = BK xˆ+ bK .
where BK = diag(hK1 , hK2), bK = (xK1 , xK2)T .
The interpolation operator IK as well as the transformations of scalar and vector functions from K → Kˆ are the same as
in Section 2. Obviously IK is affine equivalent as the same as in Section 2, i.e.,
1
|eˆi|
∫
eˆi
(IK Ev − Ev) · Eqids = 0, ∀Eqi ∈ (P1(ei))2, 1 ≤ i ≤ 3
1
|Kˆ |
∫
Kˆ
(IK Ev − Ev) · Eqdx = 0, ∀Eq ∈ ES = BEˆS
(3.5)
where BEˆS = span
{(
1
0
)
,
(
0
1
)
,
(
x2
0
)
,
(
0
x1
)}
.
Let Jh be a subdivision of Ω¯ satisfying the same assumptions in Section 2, Ω¯ = ⋃K∈JH K , K be a rectangle. The finite
element space is defined by
EXh = {Ev ∈ EH1(Ω); ∀K ∈ Jh, Ev|K = BK Eˆv ◦ F−1K (x), Eˆv ∈ EˆP is uniquely determined by its degrees of freedom (3.2)}.
It is easy to see that as the same as that in Section 2, ∀Ev ∈ EXh,
∫
ei
Ev · Eqds, Eq ∈ (P1(e))2, 1 ≤ i ≤ 4 are continuous across
ei,∀ei ⊂ ∂Ω,∀K ∈ Jh.
Finally, we define the corresponding finite element space as
EVh =
{
Ev ∈ EXh;
∫
e
Ev · Eq = 0, Eq ∈ (P1(e))2, e ⊂ ∂Ω
}
. (3.6)
4. Error estimates
Let EVh be the finite element space defined by (2.8) or (3.6), then the discrete formation of (1.2) is defined as:
Find Euh ∈ EVh such that
ah( Euh, Ev) =
∫
Ω
Ef · Evdx, ∀Ev ∈ EVh, (4.1)
where
ah( Euh, Ev) = µ
∑
K∈Jh
∫
K
grad Euh : grad Evdx+ (µ+ λ)
∫
K
(div Euh)(div Ev)dx.
Define the discrete norm as | Evh|21,h =
∑
K∈Jh | Evh|2H1(K), obviously ah( Evh, Evh) ≥ µ| Evh|21,h and | · |1,h is a norm on EVh, so (4.1)
has a unique solution by Lax–Milgram Lemma.
From x = BK xˆ+ bK we have
∇ = B−1K ∇ˆ.
Hence
div Ev = ∇ · Ev = B−1K ∇ˆ · BK Eˆv = ∇ˆ · Eˆv = d̂iv Eˆv. (4.2)
Let S1 = P1 for the T14 element in Section 2 and S1 = Q1 for the R20 element in Section 3, then ∀q ∈ S1,∫
K
(div IK Ev)qdx =
∫
∂K
IK Ev · Enqds−
∫
K
IK Ev · ∇qdx
(2.7)(3.5)=
∫
K
Ev · Enqds−
∫
K
Ev · ∇qdx
=
∫
K
(div Ev)qdx.
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Since div IK Ev ∈ S1, this means
div IK Ev = ΠS1 div Ev (4.3)
whereΠS1 : Ł2(K)→ S1 is L2-projection operator, i.e.,∫
K
(ΠS1w)pdx =
∫
K
wpdx, ∀w ∈ L2(K),∀p ∈ S1.
It is well known that [18]
|w −ΠS1w|L2(K) . h2K |w|H2(k) (4.4)
where a . bmeans that there is a constant C , a ≤ Cb, hK = diam(K).
Let Ih : EH1(Ω)→ EVh, Ih|K = IK ,∀K ∈ Jh, ‖B‖ denotes the Euclidean-norm of matrix B.
The discrete energy norm is defined by
‖Ev‖h = ah(Ev, Ev) 12 . (4.5)
Let Eu, Euh be the solutions of (1.2) and (4.1) respectively, then by Strang’s Lemma [18,19],
‖Eu− Euh‖h . inf
Ev∈ EVh
‖Eu− Ev‖h + sup
Ev∈Vh\{E0}
|ah(Eu, Ev)−
∫
Ω
Ef · Evdx|
‖Ev‖h . (4.6)
The first term of (4.6) is the approximation error and the second one is the consistence error which comes from the non-
conforming of EVh.
(1) The approximation error.
inf
Ev∈ EVh
‖Eu− Ev‖h ≤ ‖Eu− IhEu‖h
=
[∑
K∈Jh
µ|Eu− IK Eu|2EH1(K) + (µ+ λ)‖div(Eu− IK Eu)‖2EL2(K)
] 1
2
(4.7)
|Eu− IK Eu|1,K = |B(Eˆu− IˆK Eˆu)|EH1(K) . ‖B‖|Eˆu|EH3(Kˆ) = ‖B‖|B−1Eu|EH3(Kˆ)
. ‖B‖‖B−1‖h2K |Eu|EH3(Kˆ) . h2K |Eu|EH3(Kˆ) (4.8)
where the following well-known results have been used,{
|w|EH1(Kˆ) . |wˆ|EH1(Kˆ), |wˆ|EH3(Kˆ) . h2K |w|EH3(K), ‖B‖‖B−1‖ . 1,
∀Eˆp ∈ (P2(Kˆ))2, Iˆ Eˆp = Eˆp, so |Eˆu− IˆK Eˆu|EH1(Kˆ) . |Eˆu|EH3(Kˆ).
‖div(Eu− IK Eu)‖L2(K) (4.3)= ‖ div Eu−ΠS1 div Eu‖L2(K)
(4.4)
. h2K | div Eu|H2(K) (4.9)
Substituting (4.8) and (4.9) into (4.7) yields
inf
Ev∈ EVh
‖Eu− Ev‖h ≤ ‖Eu− IhEu‖h . h2(‖Eu‖EH3(Ω) + λ‖ div Eu‖H2(Ω)). (4.10)
where h = maxK∈Jh hK .
(2) The consistence error.
From (1.1) and Green’s formula, we have
ah(Eu, Ev)−
∫
Ω
Ef Evdx =
∑
K
[∫
K
µ grEad Eu : grEadEvdx+ (µ+ λ)
∫
K
(div Eu)(div Ev)dx
]
−
∑
K
∫
K
[−µ1Eu− (µ+ λ) grad Eu(div Eu)] · Evdx
=
∑
K
[
µ
∫
∂K
∂Eu
∂n
Evds+ (µ+ λ)
∫
∂K
(div Eu)Ev · Ends
]
, Eh(Eu, Ev) ∀Ev ∈ EVh. (4.11)
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Let EiEv = 1ei
∫
ei
Evds, then Ei = 1eˆi
∫
eˆi
BEˆvdsˆ = BEˆi Eˆv. By the construction of the element, ∀Ev ∈ Vh, EiEv is continuous across ei
and is zero on ∂Ω , then we have
Eh(Eu, Ev) = µ
∑
K∈Jh
d∑
i=1
∫
ei
∂Eu
∂n
· (Ev − EiEv)ds+ (µ+ λ)
∑
K∈Jh
d∑
i=1
∫
ei
(div Eu)(Ev − EiEv) · Ends
where ∂K =⋃di=1 ei, d = 3 for the T14 element and d = 4 for the R20 element.
Let L be the piecewise linear interpolation operator for the T14 element and the piecewise bilinear interpolation operator
for the R20 element. Obviously L(w) ∈ (C0(Ω¯))m and L(w)|e ∈ (P1(e))m,∀e ⊂ ∂K ,∀K ∈ Jh, where m = 1 for w being a
scalar function andm = 2 forw being a vector function.
Since ∀e ⊂ ∂K ,∀K ∈ Jh,
∫
e Ev · Eqds, Eq ∈ (P1(e))2 is continuous across e and is zero on e ⊂ ∂Ω , we have∑
K∈Jh
d∑
i=1
∫
ei
L
(
∂Eu
∂n
)
· (Ev − EiEv)ds = 0,
∑
K∈Jh
d∑
i=1
∫
ei
L(div Eu)(Ev − EiEv) · Ends = 0.
Hence
Eh(Eu, Ev) =
∑
K∈Jh
d∑
i=1
∫
ei
[
µ
(
∂Eu
∂n
− L
(
∂Eu
∂n
))
· (Ev − EiEv)+ (div Ev − L(div Ev)(Ev − EiEv) · En)
]
ds. (4.12)
Denote ∂Eu
∂n = Ew, by the Hölder inequality, trace theorem and interpolation theorem we obtain∣∣∣∣∫
ei
(
∂Eu
∂n
− L
(
∂Eu
∂n
))
· (Ev − EiEv)
∣∣∣∣ ≤ ‖Ew − L Ew‖EL2(ei)‖Ev − EiEv‖EL2(ei)
. hK‖B Eˆw − Lˆ(B Eˆw)‖EL2(eˆi)‖BEˆv − Eˆi(BEˆv)‖EL2(eˆi)
. hK‖B Eˆw − Lˆ(B Eˆw)‖EH1(Kˆ)‖BEˆv − Eˆi(BEˆv)‖EH1(Kˆ)
. hK |B Eˆw|EH2(Kˆ)|BEˆv|EH1(Kˆ)
. h2K | Ew|EH2(K)|Ev|EH1(K)
. h2K |Eu|EH3(K)|Ev|EH1(K).
In the same way we have by (4.2)∣∣∣∣∫
ei
(div Ev − L(div Ev))(Ev − EiEv) · Ends
∣∣∣∣ . h2K | div Eu|EH2(K)|Ev|EH1(K).
Substituting the above results into (4.12) yields
|Eh(Eu, Ev)| . h2(|Eu|EH3(Ω) + λ| div Eu|H2(Ω))
(∑
K∈Jh
|Ev|2EH1(K)
) 1
2
. (4.13)
Then we have
sup
Ev∈Vh\{E0}
|ah(Eu, Ev)−
∫
Ω
Ef · Evdx|
|Ev|h . h
2(|Eu|EH3(Ω) + λ| div Eu|H2(Ω)). (4.14)
From (4.6), (4.10) and (4.14) we obtain the following theorem.
Theorem 4.1. Suppose the subdivision Jh of Ω¯ satisfies the usual regular and quasi-uniform assumption, EVh is the finite element
space defined in Section 2 or Section 3, and Eu, Euh are the solutions of (1.2) and (4.1) respectively, then
‖Eu− Euh‖h . h2(|Eu|EH3(Ω) + λ| div Eu|H2(Ω)). (4.15)
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Remark 4.1. Of course we also have, ∀Ev ∈ Vh
|Eh(Eu, Ev)| . h(|Eu|EH2(Ω) + λ| div Eu|H1(Ω))
(∑
k∈Jh
|Ev|2EH1(K)
) 1
2
. (4.16)
‖Eu− Euh‖h . h(|Eu|EH2(Ω) + λ| div Eu|H1(Ω)). (4.17)
Now we analyse ‖Eu− Euh‖EL2(Ω) by standard duality technique.
Let ∀Eg ∈ EL2(Ω), Eφ ∈ EH2(Ω) be the solution of the following equation.{−µ1Eφ − (µ+ λ)grEad(div Eφ) = Eg inΩ,
Eφ = E0 on ∂Ω. (4.18)
Then
a(Eu, Eφ) =
∫
Ω
Eg · Evdx, ∀Ev ∈ EH10 (Ω) (4.19)
with the following regularity [13]
‖Eφ‖EH2(Ω) + λ‖ div Eφ‖EH1(Ω) . ‖Eg‖EL2(Ω). (4.20)
Let Eφh ∈ Vh be the solution of
ah(Ev, Eφh) =
∫
Ω
Eg · Evdx, ∀Ev ∈ Vh. (4.21)
Then
‖Eφ − Eφh‖h
(4.17)
. h(|Eφ|EH2(Ω) + λ‖ div Eφ‖H1(Ω))
(4.20)
. h‖Eg‖EL2(Ω). (4.22)
From (4.18) (4.21),∫
Ω
(Eu− Euh) · Egdx = a(Eu, Eφ)− ah( Euh, Eφh)
= ah(Eu− Euh, Eφ − Ih Eφ + ah(Eu− Euh, Ih Eφ))+ ah( Euh − IhEu, Eφ − Eφh)+ ah(Eφ − Eφh, IhEu). (4.23)
By (4.15) and interpolation theorem
|ah(Eu− Euh, Eφ − Ih Eφ)| ≤ ‖Eu− Euh‖h‖Eφ − Ih Eφ‖h
≤ Ch3(|Eu|EH3(Ω) + λ| div Eu|H2(Ω))|Eφ|EH2(Ω)
(4.20)≤ Ch3(|Eu|EH3(Ω) + λ| div Eu|H2(Ω))‖Eg‖EL2(Ω). (4.24)
Similarly,
|ah( Euh − IhEu, Eφ − Eφh)|
(4.10)(4.17)≤ Ch3(|Eu|EH3(Ω) + λ| div Eu|H2(Ω)) · (|Eφ|EH2(Ω) + λ| div Eφ|H1(Ω))
(4.20)≤ Ch3(|Eu|EH3(Ω) + λ| div Eu|H2(Ω))‖Eg‖EL2(Ω) (4.25)
ah(Eu− Euh, Ih Eφ) (4.11)=
∑
K
∑
e⊂∂K
[
µ
∫
e
∂Eu
∂n
· Ih Eφds+ (µ+ λ)
∫
e
(div Eu)Ih Eφ · Ends
]
. (4.26)
Obviously
∑
K
∑
e⊂∂K
∫
e
∂Eu
∂n · Eφds = 0. By the construction of the elements we have
∫
e Ih Eφ · Eqds =
∫
e
Eφ · Eqds, ∀Eq ∈ (P1(e))2
or (Q1(e))2,which implies that∑
K
∑
e⊂∂K
∫
e
L
(
∂Eu
∂n
)
· (Eφ − Ih Eφ)ds = 0.
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Therefore,∣∣∣∣∣∑
K
∑
e⊂∂K
∫
e
∂Eu
∂n
· Ih Eφds
∣∣∣∣∣ =
∣∣∣∣∣∑
K
∑
e⊂∂K
∫
e
(
∂Eu
∂n
− L
(
∂Eu
∂n
))
· (φ − Ih Eφ)ds
∣∣∣∣∣
≤ Ch3
∑
K
∣∣∣∣∂Eu∂n
∣∣∣∣
(H2(K))2
|Eφ|(H2(K))2
(4.20)≤ Ch3|Eu|EH3(Ω)‖Eg‖EL2(Ω). (4.27)
Similarly,∣∣∣∣∣∑
K
∑
e⊂∂K
∫
e
(div Eu)Ih Eφ · Ends
∣∣∣∣∣ ≤ Ch3| div Eu|H2(Ω)‖Eg‖EL2(Ω). (4.28)
Substituting (4.27) and (4.28) into (4.26) yields
|ah(Eu− Euh, Ih Eφ)| ≤ Ch3(|Eu|EH3(Ω) + λ| div Eu|H2(Ω))‖Eg‖EL2(Ω). (4.29)
Similarly,
|ah(Eφ − Eφh, IhEu)| ≤ Ch3(|Eu|EH3(Ω) + λ| div Eu|H2(Ω))‖Eg‖EL2(Ω). (4.30)
Substituting (4.24), (4.25), (4.29) and (4.30) into (4.23) yields∣∣∣∣∫
Ω
(Eu− Euh) · Egdx
∣∣∣∣ ≤ Ch3(|Eu|EH3(Ω) + λ| div Eu|H2(Ω))‖Eg‖EL2(Ω).
Hence
‖Eu− Euh‖L2(Ω) = sup
Eg∈EL2(Ω)\{E0}
∣∣∫
Ω
Eg · (Eu− Euh)dx
∣∣
‖Eg‖h
. h3(|Eu|EH3(Ω) + λ| div Eu|H2(Ω)). (4.31)
This result is expressed as:
Theorem 4.2. Under the same assumptions as Theorem 4.1, then for L2-norm of Eu− Euh we have (4.31).
Remark 4.2. A robust a priori error estimate depends on a proper regularity result of problem (1.1) in the following form
‖Eu‖EHk(Ω) + λ‖ div Eu‖Hk−1(Ω) ≤ C‖Ef ‖EHk−2(Ω). (4.32)
This result has been proved for all k ≥ 1 by Vogelius in [12] for a smooth domain with C∞-boundary. The regularity (4.32)
with k = 2 for the case of a convex polygon with additional compatibility conditions was proved by Brenner and Sung
in [13]. In fact, following themethod of Brenner and Sung, one can prove (4.32) for k = 3 with a slightly smoother boundary
condition than that in [13]. The key ingredient in the proof is the following regularity result
‖Eu‖EH3(Ω) + ‖p‖H2(Ω) ≤ C‖Ef ‖EH1(Ω), (4.33)
which is connected with the Stokes problem−1Eu+∇p =
Ef , inΩ,
divEu = 0, inΩ,
Eu = E0, on ∂Ω.
(4.34)
This result is certainly the casewhen the boundary is of classC3 (see. e.g., I. Theorem5.4 of [20]). However, the finite element
method for such domains containing curved boundaries is not the object of this paper; interested readers can refer to the
reference [19] for similar discussions.
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Fig. 1. ‖u− uh‖0,Ω (λ = 1).
Fig. 2. ‖u− uh‖h (λ = 1).
5. Numerical experiments
In order to investigate the numerical behavior and attest convergence rate of the element T14 and R20, we carry out two
numerical experiments in this section. As a comparison, we also list some numerical results of Crouzeix–Raviart triangular
element which names as C-R FEM and a 8-freedom rectangular element that constructed in [17] which names as Wang–Qi
FEM. In both of the experiments, the meshes ofΩ are obtained by dividingΩ into n × n squares, and h denotes the mesh
size.
Experiment 5.1. Consider the problem given by (1.1) with µ = 1, λ = 1, 105,Ω = [0, 1] × [0, 1], Ef = (f1, f2)T ∈ EL2(Ω),
where
f1 = pi2
[
4 sin 2piy(−1+ 2 cos 2pix)− cospi(x+ y)+ 2
1+ λ sinpix sinpiy
]
,
f2 = pi2
[
−4 sin 2pix(−1+ 2 cos 2piy)− cospi(x+ y)+ 2
1+ λ sinpix sinpiy
]
.
It can be easily checked that the two components of analytic solution Eu = (u1, u2)T to problem (1.2) are
u1 = sin 2piy(−1+ cos 2pix)+ 11+ λ sinpix sinpiy,
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Fig. 3. ‖u− uh‖0,Ω (λ = 105).
Fig. 4. ‖u− uh‖h (λ = 105).
Table 1
The error measured by ‖Eu− Euh‖0,Ω (λ = 1.0).
Element T14 C–R R20 Wang–Qi
h = 0.500000 2.63096706E−1 9.73783444E−1 7.28714368E−2 5.47557687E−1
h = 0.250000 3.12681266E−2 2.55361774E−1 8.33889506E−3 1.89930003E−1
h = 0.125000 3.84709771E−3 6.95081543E−2 8.59858773E−4 4.85668435E−2
h = 0.062500 4.77630521E−4 1.79036527E−2 1.02503117E−4 1.22059256E−2
h = 0.031250 5.88055733E−5 4.51629052E−3 1.29449888E−5 3.05551915E−3
h = 0.015625 7.27585127E−6 1.13189324E−3 1.64591637E−6 7.64139282E−4
Average order 3.028423522 1.949743854 3.086834957 1.896991925
u2 = − sin 2pix(−1+ cos 2piy)+ 11+ λ sinpix sinpiy.
Since this problem has an exact solution, therefore the convergence rates of the errors measured by L2-norm and energy
norm can be calculated. Numerical results are listed in Tables 1–4. To consider the convergence rate, we plot the errors
using the logarithmic scales (see Figs. 1–4). From the numerical results we can see that the elements T14 and R20 have the
convergence rates of O(h3) and O(h2) for L2-norm and energy norm, respectively.
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Table 2
The error measured by ‖Eu− Euh‖h (λ = 1.0).
Element T14 C–R R20 Wang–Qi
h = 0.500000 4.01881880E+0 9.40358862E+0 1.00068918E+0 1.03596102E+1
h = 0.250000 1.10554636E+0 4.60334940E+0 3.11802235E−1 5.23126398E+0
h = 0.125000 2.89871457E−1 2.41269587E+0 6.34112886E−2 2.70030164E+0
h = 0.062500 7.39975240E−2 1.22214176E+0 1.47939421E−2 1.35962611E+0
h = 0.031250 1.86587115E−2 6.13197601E−1 3.65408467E−3 6.80963802E−1
h = 0.015625 4.67622001E−3 3.06877968E−1 9.17108921E−4 3.40625614E−1
Average order 1.949442601 0.98749489 2.018322645 0.985327797
Table 3
The error measured by ‖Eu− Euh‖0,Ω (λ = 105).
Element T14 C–R R20 Wang–Qi
h = 0.500000 3.81125275E−1 9.63140539E−1 7.36988919E−2 1.23370957E+0
h = 0.250000 4.14548058E−2 2.54676136E−1 8.33996004E−3 2.56067699E−1
h = 0.125000 4.53991194E−3 7.05323104E−2 8.46603887E−4 6.11725837E−2
h = 0.062500 5.20882780E−4 1.83711583E−2 1.00669868E−4 1.51223190E−2
h = 0.031250 6.15627832E−5 4.65661856E−3 1.27179890E−5 3.77003643E−3
h = 0.015625 7.53237340E−6 1.16901305E−3 1.62031313E−6 9.41858528E−4
Average order 3.125360248 1.937262296 3.094616533 2.071040962
Table 4
The error measured by ‖Eu− Euh‖h (λ = 105).
Element T14 C–R R20 Wang–Qi
h = 0.500000 4.48061716E+0 9.23517388E+0 9.69073298E−1 8.83697996E+0
h = 0.250000 1.20341155E+0 4.50039403E+0 3.01054553E−1 4.71290520E+0
h = 0.125000 3.08878519E−1 2.36100255E+0 6.06818175E−2 2.44135446E+0
h = 0.062500 7.75364616E−2 1.19700310E+0 1.41450128E−2 1.23051245E+0
h = 0.031250 1.94375373E−2 6.00814109E−1 3.49899141E−3 6.16455761E−1
h = 0.015625 4.86052752E−3 3.00720910E−1 8.79660217E−4 3.08376842E−1
Average order 1.969673769 0.988128407 2.021088742 0.968157416
Table 5
η values with λ = 1.0.
Element T14 C–R R20 Wang–Qi
h = 0.500000 1.3338810202E−1 5.7532309033E−1 1.3039358236E−1 3.9184687938E−1
h = 0.250000 4.1862950692E−2 3.9069964014E−1 3.5771160793E−2 2.3106549954E−1
h = 0.125000 1.2930585349E−2 2.2592578573E−1 9.4585460740E−3 1.2589693713E−1
h = 0.062500 4.0631378735E−3 1.2162433238E−1 2.5710420302E−3 6.5847705607E−2
h = 0.031250 1.3547409833E−3 6.3389845717E−2 7.5354840820E−4 3.3767993812E−2
h = 0.015625 4.7297684677E−4 3.2488160519E−2 2.4052276388E−4 1.7131747611E−2
Average order 1.62792894 0.89701849 1.81649674 0.90310915
Table 6
η values with λ = 105 .
Element T14 C–R R20 Wang–Qi
h = 0.500000 2.6679020063E−1 6.8053781542E−1 1.0965622274E−1 4.1762677374E−1
h = 0.250000 8.3155374174E−2 5.2621566083E−1 2.7250068899E−2 2.6746143355E−1
h = 0.125000 2.2876303006E−2 3.2136785845E−1 6.5741139587E−3 1.3736643060E−1
h = 0.062500 4.9043630973E−3 1.7622558988E−1 1.5613935823E−3 6.9088980710E−2
h = 0.031250 9.0306197691E−4 9.1886096403E−2 3.7649072340E−4 3.4593492204E−2
h = 0.015625 1.7446964352E−4 4.6807538988E−2 9.2438107268E−5 1.7302822573E−2
Average order 2.11570278 0.87271034 2.04244247 0.91862698
Experiment 5.2. Consider the problem given by (1.1) with µ = 1, λ = 1, 105, 1010, Ω = [0, 1] × [0, 1], Ef = (f1, f2)T ∈EL2(Ω), where
f1 = x2 + y2, f2 = x2 − y2.
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Table 7
η values with λ = 1010 .
Element T14 C–R R20 Wang–Qi
h = 0.500000 2.6682301494E−1 6.8054135462E−1 1.0965549945E−1 4.1763744579E−1
h = 0.250000 8.3163333561E−2 5.2622110973E−1 2.7249892669E−2 2.6747415125E−1
h = 0.125000 2.2878234218E−2 3.2137270390E−1 6.5740702632E−3 1.3737167254E−1
h = 0.062500 4.9045913625E−3 1.7622901979E−1 1.5613772683E−3 6.9091296704E−2
h = 0.031250 9.0270753579E−4 9.1888349713E−2 3.7648599057E−4 3.4594575923E−2
h = 0.015625 1.7689721989E−4 4.6809593011E−2 9.2528202193E−5 1.7303320116E−2
Average order 2.11175120 0.87269825 2.04215948 0.91862606
Fig. 5. Log(η) values with λ = 1.
Fig. 6. Log(η) values with λ = 105 .
Since the exact solution is unknown, we compute the error estimator
η =
(∑
K∈Jh
h2K‖Ef + µ1 Euh + (µ+ λ)grEad(div Euh)‖2L2(K)
) 1
2
+
(∑
K∈Jh
d∑
i=1
hei
(∥∥[σ( Euh) · En]∥∥2L2(ei) +
∥∥∥∥[∂ Euh∂s
]∥∥∥∥2
L2(ei)
)) 1
2
.
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Fig. 7. Log(η) values with λ = 1010 .
Following the technique developed in [21,22], we know that the above estimator can provide a robust upper bound of the
energy error, i.e.,
‖Eu− Euh‖h 6 Cη.
Numerical results for the estimator η are listed in Tables 5–7. Figs. 5–7 give the drawings of estimator η. From these results
we can see that the T14 andR20 elements constructed in Sections 2 and3bothhave twoorder convergence rate, in particular,
the convergence rate is O(h2) and independent on λ.
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